In a previous paper [4] , we constructed complete manifolds of positive Ricci curvature with quadratically asymptotically nonnegative curvature and infinite topological type but dimension ≥ 6. The purpose of the present paper is to use a different way to exhibit a family of complete I-dimensinal (I ≥ 5) Riemannian manifolds of positive Ricci curvature, quadratically asymptotically nonnegative sectional curvature, and certain infinite Betti number b j (2 ≤ j ≤ I − 2).
Introduction
An interesting topic in Riemannian geometry is to give some topological constraints of complete manifolds under certain prescribed curvature assumptions. For example, a remarkable theorem due to Gromov implies that the total Betti number of complete manifolds M n (either compact or noncompact) with nonnegative sectional curvature is bounded by a constant only depending on n [3] . A natural question is: Can one bound the Betti numbers of open manifolds with nonnegative Ricci curvature?
For the first Betti number, Anderson proved in 1990 that b 1 (M n ) ≤ n for a complete manifold with nonnegative Ricci curvature and b 1 (M n ) ≤ n − 3 if the manifold has positive Ricci curvature [2] . For the codimension one Betti number of open manifolds with nonnegative Ricci curvature, Shen and Sormani in 2001 showed that either M n is a flat normal bundle over a compact totally geodesic submanifold or M n has a trivial codimension one integer homology [14] . So, b n−1 (M n ) = dimH n−1 (M n ; Z) ≤ 1.
For other Betti numbers b k (M n ), 2 ≤ k ≤ n − 2, it is difficult to find out some similar control, even with some additional assumptions. In fact, Sha and Yang [12] (also cf. [11, 15] ) constructed n-dim (n ≥ 4) open manifolds with positive Ricci curvature and certain infinite Betti number b k , 2 ≤ k ≤ n − 2.
for some positive constant K 0 . We also say that M is of finite topological type if it is homeomorphic to the interior of a compact manifold with boundary, otherwise, infinite topological type. In particular, manifolds of finite topological type must have finite Betti numbers. A little additional computation shows that all the examples mentioned above are not of quadratically asymptotically nonnegative curvature.
Actually, Sha and Shen [10] conjectured that a complete manifold M n of nonnegative Ricci curvature and quadratically asymptotically nonnegative curvature should be of finite topological type. In [4] , the authors constructed a counterexample with infinite second Betti number in the case of dimension bigger than 6, based on works of Perelman [9] and Menguy [6, 7, 8] .
The purpose of the present paper is to use a different construction of both topology and metric to get a family of complete I-dim (I ≥ 5) Riemannian manifolds of positive Ricci curvature, quadratically asymptotically nonnegative sectional curvature, and certain infinite Betti number b j (2 ≤ j ≤ I − 2). In particular, this again gives a negative answer of Sha and Shen's conjecture in dimension 5. Theorem 1.1. For all integers m, n satisfying n ≥ m ≥ 2 and n ≥ 3, there exists an (m + n)-dimensional complete Riemnannian manifold M , which is of positive Ricci curvature, quadratically asymptotically nonnegative curvature, and infinite Betti numbers b m , b n . In particular, it is of infinite topological type.
Remarks: 1) For the 3-dim case, complete noncompact Riemannian manifolds with nonnegative Ricci curvature were completely classified by G. Liu [5] based on the technique earlier developed by Schoen-Yau [13] , which must be of finite topological type. 2) U. Abresch showed in [1] that if a complete n-dim (n ≥ 3) manifold satisfies that the integral
(a certain kind of decay on the lower sectional curvature bound which is a little stronger than quadratically asymptotically nonnegative curvature), then the manifold is of finite toplogical type; moreover, the total Betti number of the manifold is uniformly bounded.
Topologically, our construction for manifolds is similar to that of Sha and Yang [12] , i.e. removing some balls D m+1 i , 1 ≤ i < ∞, from R m+1 , and then gluing (R m+1 \D m+1 i )× S n−1 with P i = S m × D n along the boundary, which is different from our previous one [4] . Then, the resulting (m + n)-dim manifold has infinite Betti numbers b m and b n .
However, our construction of the metric is totally different from that of Sha and Yang; in their construction, they gave a C 1 metric on the whole manifold. Here, we'll give a C 1 metric on each part, and then glue them together along the boundaries when the corresponding normal curvatures of the boundaries satisfy the following gluing criterion (cf. [9] ).
Gluing Criterion: Let M 1 , M 2 be two compact smooth manifolds of positive Ricci curvature, with isometric boundaries ∂M 1 ⋍ ∂M 2 = X. Suppose that the normal curvatures of ∂M 1 are bigger than the negative of the normal curvatures of ∂M 2 . Then, the glued manifold M 1 ∪ X M 2 along the boundary X can be smoothed near X to produce a manifold of positive Ricci curvature.
Our construction can be divided into the following three steps. First, we will construct a C 1 metric ds 2 
Then, we will compute the curvature tensors and show that both metrics have positive Ricci curvature and quadratically asymptotically nonnegative sectional curvature by choosing some appropriate constants. These will be done in §3.
Finally, we will remove the geodesic balls B 
with P i along the boundary ∂B 4
, assuming the conditions of the gluing criterion, which are verified in §4.
So, our manifold is actually
where by 'Id' we mean gluing along the corresponding boundaries through the identity map.
Construction of the metrics
As seen in the introduction, our topological manifold is the following
In the following, we'll construct the required metrics on Q and P i (i = 1, 2, · · · ) respectively.
Construction of Q
S n−1 (for some t 0 = t 1 − ψ 1 , t 1 and ψ 1 will be given later) with the following metric
S m and dσ 2 S n−1 are the standard metrics on S m and S n−1 respectively. Give some constants c, γ, α and t 1 satisfying
Take r > 0 satisfying
Note that c first is fixed while r, γ, α and t 1 will be determined later. We define, for i = 1, 2, · · · ,
In the following, we'll give the constructions of u and g respectively.
Construction of u(t)
For t 0 ≤ t ≤ t 1 , we set
for t i + 2r i < t < t i+1 , we set
where w is a C 2 function on [1 + 2r, α], which is independent of i. Actually, we can define w as follows. First, set
and then smoothen w(t) to be a C 2 function. Since, at t = 1 + 2r,
while at t = α,
, which is possible for α ≥ α 0 (c, r).
Thus, u(t) is C 1 at the endpoints t i + 2r i = (1 + 2r)t i and t i+1 = αt i . On the other hand, if w(t) = ct,
and α ≥ α 1 (c, r, γ).
Construction of g(t)
For t 0 ≤ t ≤ t 1 + r 1 6 , we set
6 ,
Note that for α ≥ α 3 (r), we can have
Remark: We here remark that, at some discrete points, u(t) and g(t) are only C 1 . However, if the manifold constructed in this manner has positive Ricci curvature on the complement of those C 1 parts, the manifold can then be smoothen to be a C 2 manifold of positive Ricci curvature; for this, one can refer to [9] , also [6] .
Construction of
where dθ 2 S m and dσ 2 S n−1 are the standard metrics on S m and S n−1 respectively, and 0 ≤t ≤ R i (R i will be fixed in the following).
First, some constants
are given as follows,
and C 4 is given by C 2 (1 − C 4 )
; clearly, 0 < C 4 < 1. Note that C 1 , C 2 are given by c, r; C 3 , N and R i will be fixed later; while b i , l i and C 4 are given by C 1 , C 2 , C 3 , N , and R i .
Construction ofū(t)
(1−C 3 )t+
construction ofḡ(t)
We remark that when d i = 0, the left hand side of the equation is 0, which is smaller than the right hand side γA; and when
, which is much bigger than the right hand side. Thus, there exists such a positive d i satisfying the above equation; moveover,
, which is negative when t i is sufficiently large (i.e. i is sufficiently large). Moreover, B = O(1).
Finally, R i is given by the following equation
Since B < 0 and B = O(1), we have
as t i > t ′ (c, r, γ, C 3 , N ), i.e. t i sufficiently large. Then, we get
). Now,ḡ(t) can be defined as follows
Quadratically asymptotic non-negativeness of curvature and positiveness of Ricci curvature
In this section, we will calculate the curvature tensors of Q and P i with the given metrics in §2, and show that they have both positive Ricci curvature and quadratically asymptotically nonnegative sectional curvature by taking some appropriate constants, i.e. η, r, γ, C 3 sufficiently small and α, t 1 , N sufficiently big.
Curvatures of Q
For Q, the metric is
where m ≥ 2, n ≥ 3 and n ≥ m, thus 2(n − 1) ≥ m ≥ 2. Let T, {Θ k }, {Σ l } be an orthonormal basis of the tangent space corresponding to the directions dt, dθ 2 S m , dσ 2 S n−1 respectively. Then, for t ≥ t 1 , the sectional curvatures can be computed as follows.
and other terms of curvature tensors are zero. Thus, we have
i.e. Q has quadratically asymptotically nonnegative sectional curvatures. The nonzero Ricci curvatures of Q are as follows.
Ric(T, T ) =
for i = 1, 2, · · · , and provided with γ < γ 0 (n, c, r);
> 0, provided with γ < γ 1 (m, n, c, r); while
provided with t 1 > t 1 (c, r, γ) . Moreover, all the off-diagonal terms of the Ricci tensor vanish.
On the other hand, when t 0 ≤ t ≤ t 1 , the metric is actually
which can be considered as part of S m+1 (
) γ S n−1 , which obviously is of positive Ricci curvature.
Thus, the Ricci curvatures of Q are positive.
Curvatures of P i
For P i , the metric is
where m ≥ 2, n ≥ 3 and n ≥ m so that 2(n − 1) ≥ m ≥ 2, and 0 ≤t ≤ R i . Similarly, let T, {Θ k }, {Σ l } be an orthonormal basis of the tangent space corresponding to the directions dt, dθ 2 S m , dσ 2 S n−1 respectively. Then, the sectional curvatures can be computed as follows.
And other terms of curvature tensors are zero.
The nonzero Ricci curvatures of P i are as follows.
In the following, we will discuss the sectional and Ricci curvatures ast are in different intervals, i.e. [0,
In the interval
For the last estimate, note that it comes from N ≥ 5n and
. Thus, the condition of quadratically asymptotically nonnegative sectional curvatures holds in this interval.
For Ricci curvatures, we have
. Thus, the condition of quadratically asymptotically nonnegative sectional curvatures also holds in this interval.
For Ricci curvatures,
For b i ≤t ≤ R i , by the previous construction, we have
Thus,
provided with t i ≥ t i (c, r, γ, C 3 , N ). While
Not that the above estimate will be verified after the calculation of Ric(Θ k , Θ k ) in the following. Thus, the condition of quadratically asymptotically nonnegative sectional curvatures again holds in this interval.
For Ricci curvature, Thus, the second fundamental form of the boundary satisfies Thus, both boundaries are isometric. And the second fundamental form of the boundary of P i satisfies 
